Abstract. Keller proved in 1999 that the Gerstenhaber algebra structure on the Hochschild cohomology of an algebra is an invariant of the derived category. In this paper, we adapt his approach to show that the Gerstenhaber algebra structure on the Tate-Hochschild cohomology of an algebra is preserved under singular equivalences of Morita type with level, a notion introduced by the author in previous work.
Introduction
In [Wan15a, Wan18] , we constructed a Gerstenhaber algebra structure on the TateHochschild cohomology ring HH * sg (A, A) implicit in Buchweitz' work [Buc] for an algebra A projective over a commutative ring k and such that A and the enveloping algebra A ⊗ k A op are Noetherian. The cup product is given by the Yoneda product in the singularity category of the enveloping algebra A ⊗ k A op . Recall that the singularity category D sg (A) (cf. [Buc, Orl] ) of a Noetherian algebra A is defined as the Verdier quotient of the bounded derived category D b (A) of finitely generated (left) A-modules by the full subcategory Perf(A) consisting of complexes quasi-isomorphic to bounded complexes of finitely generated projective A-modules. The Lie bracket on HH * sg (A, A) was defined in [Wan15a, Wan18] as the graded commutator of a certain circle product • extending naturally the Gerstenhaber circle product on Hochschild cohomology. In particular, for a self-injective algebra, in positive degrees, this Lie bracket coincides with the Gerstenhaber bracket in Hochschild cohomology. In [Wan15a, Wan18] , we also proved that the natural morphism, induced by the quotient functor from the bounded derived category to the singularity category of A ⊗ k A op , from the Hochschild cohomology ring HH * (A, A) to HH * sg (A, A) is a morphism of Gerstenhaber algebras. By the very recent work of Keller [Kel18] , the Tate-Hochschild cohomology of an algebra A is isomorphic, as graded algebras, to the Hochschild cohomology of the dg singularity category (i.e. the canonical dg enhancement of the singularity category) of A. This yields a second Gerstenhaber algebra structure on Tate-Hochschild cohomology, which is conjectured to coincide with the one introduced in [Wan15a, Wan18] . For more details, we refer to Keller's conjecture [Kel18, Conjecture 1.2] .
Keller proved in [Kel99] that the Gerstenhaber algebra structures on Hochschild cohomology rings are preserved under derived equivalences of standard type. That is, let X be a complex of A-B-bimodules such that the total derived tensor product by X is an equivalence between the derived categories of two k-algebras A and B. Then X yields a natural isomorphism of Gerstenhaber algebras from HH * (A, A) to HH * (B, B). In this paper, we will show that the Gerstenhaber algebra structure on the Tate-Hochschild cohomology ring is also preserved under derived equivalences of standard type. In fact, we will prove a stronger result. Namely, the Gerstenhaber algebra structure on the TateHochschild cohomology ring is preserved under singular equivalences of Morita type with level (cf. [Wan15b] and Section 6 below). Recall that a derived equivalence of standard type induces a singular equivalence of Morita type with level (cf. [Wan15b] ).
The paper is organized as follows. In Section 2, we recall the construction of the normalized bar resolution of an algebra A and provide some natural liftings of elements in HH * sg (A, A) along the normalized bar resolution. In Section 3, we introduce the bullet product • and the circle product •. Using these two products, we construct two dg modules C L (f, g) and C R (f, g) associated to the cohomology classes f and g in HH * (A, Ω * sy (A)). These two dg modules play a crucial role in the proof of our main result. In Section 4, we recall the notions of R-relative derived categories and R-relative derived tensor products. In Section 5, we develop the singular infinitesimal deformation theory of the identity bimodule in analogy with the infinitesimal deformation theory of [Kel99] . As a result, we give an interpretation of the Gerstenhaber bracket on the Tate-Hochschild cohomology ring from the point of view of the singular infinitesimal deformation theory. In Section 6, we prove our main result. 
induces an isomorphism of Gerstenhaber algebras between the Tate-Hochschild cohomology rings HH 2.1. The definition. Let A be an associative algebra over a field k. The normalized bar resolution (cf. e.g. [Lod] ) is defined as the dg A-A-bimodule Bar * (A) := p≥0 Bar p (A), with Bar p (A) := A ⊗ (ΣA) ⊗p ⊗ A (p ≥ 0) in degree p and the differential of degree −1
(−1) i a 0 ⊗ a 1,i−1 ⊗ a i a i+1 ⊗ a i+2,p ⊗ a p+1 + (−1) p a 0 ⊗ a 1,p−1 ⊗ a p a p+1 .
Let us explain the notations appeared above: We denote by ΣA the graded k-module concentrated in degree 1 with (ΣA) 1 = A/(k · 1); Let π : A → (ΣA) be the natural projection of degree 1. Then we denote a = π(a) for any a ∈ A. The degree of a is |a| = 1; We simply write a i ⊗ a i+1 ⊗ · · · ⊗ a j ∈ (ΣA) ⊗(j−i+1) as a i,j . It is wellknown that Bar * (A) is a projective bimodule resolution of A with the augmentation map τ 0 = d 0 : A ⊗ A → A, a ⊗ b → ab. For convenience, we set Bar −1 (A) = A.
For any p ∈ Z >0 , we denote the kernel of the differential d 
y y r r r r r r r r r r r r r r r r r dp
y y r r r r r r r r r r r r r r r r r
. This yields the exactness of Bar ≥p (A). Note that s L is a morphism of left graded A-modules (but not a morphism of graded A ⊗ A op -modules). Similarly, if we define
and s R is a morphism of right graded A-modules.
For any p, q ∈ Z ≥0 , we will construct a morphism of dg A-A-bimodules between Bar ≥p+q (A) and Bar ≥p (A) ⊗ A Bar ≥q (A). We define
as follows. For a 0 ⊗ a 1,p+q+r ⊗ a p+q+r+1 ∈ Bar p+q+r (A), where r ≥ 0,
It is a routine computation to verify that ∆ p,q is a morphism of dg A-A-bimodules.
Lemma 2.2. For any p, q ∈ Z ≥0 , ∆ p,q is an isomorphism in the homotopy category
Proof. For p = 0 or q = 0, we have a natural isomorphism µ p,q : Ω
For p, q > 0, consider the following composition of maps
where the first map is given by the tensor product of the natural inclusions
, and where π : A → ΣA is the natural projection of degree 1. More concretely, let
Notice that the image of µ p,q lies in Ω
We claim that µ p,q is a bijection and its inverse µ
Indeed, we have
where the third identity comes from the identity dx = 0 (since x ∈ Ω p+q sy (A)). Similarly,
where the third identity comes from the identities dx = 0 and dy = 0. This proves the claim. It is clear that µ p,q is a morphism of A-A-bimodules. Hence so is µ
p,q τ p+q , we get that ∆ p,q is a lifting of the isomorphism µ −1 p,q between the resolutions Bar ≥p+q (A) and Bar ≥p (A) ⊗ A Bar ≥q (A). Hence it is an isomorphism in the homotopy category K(A ⊗ A op -Mod) of dg A-A-bimodules.
nc (A) is concentrated in degree p. The bimodule structure is given by
for a, b ∈ A and a 0 ⊗ a 1,p ∈ A ⊗ (ΣA) ⊗p . Here when (Id ⊗p ⊗π) is applied to the element d p (aa 0 ⊗ a 1,p ⊗ b), additional signs will appear because of the Koszul sign rule since π is a map of degree 1. More explicitly, we have
Similarly, the dg A-A-bimodule of right noncommutative differential p-forms is defined as Ω
The bimodule structure is given by
The following lemma is very useful throughout the present paper. 
Lemma 2.3. We have two isomorphisms of dg
where (ΣA) ⊗0 = k and Hom −m ((ΣA) ⊗i , M) is the set of k-linear maps of degree −m from chain complexes (ΣA) ⊗i to M. Recall that a k-linear map f : X → Y between two chain complexes X and Y is of degree m if f (X i ) ⊂ Y i+m for any i ∈ Z. The differential δ (of degree one) is given by, for f ∈ C m (A, M),
where (α 
in the following way. Let x := a 0 ⊗ a 1,r ⊗ a r+1 ∈ Bar r (A). If r < m, we define
It follows from δ(f ) = 0 that ϑ L (f ) and ϑ R (f ) are indeed morphisms of dg A-A-bimodules. It is well-known from homological algebra (cf. e.g. [Wei, Comparison Theorem 2.2.6] ) that ϑ L (f ) is homotopy equivalent to ϑ R (f ). In fact, there exists a specific chain homotopy
Indeed, it is easy to verify that
Similarly, Ω r sy (f ) may also be represented by the element
which can be verified by straightforward computation.
Therefore, we have a map for any r > 0,
Notice that Ω 
where D sg (A ⊗ A op ) is the singularity category of the enveloping algebra A ⊗ A op . Recall that the singularity category D sg (A) (cf. [Buc, Orl] ) of a Noetherian algebra A is defined as the Verdier quotient of the bounded derived category D b (A-mod) of finitely generated (left) A-modules by the full subcategory Perf(A) consisting of complexes quasi-isomorphic to bounded complexes of finitely generated projective A-modules.
Let A be a Noetherian algebra over a field k such that the enveloping algebra A ⊗ A op is Noetherian. For i ∈ Z, we denote by R i the commutative dg algebra k[ǫ i ]/(ǫ 2 i ) with trivial differential, where ǫ i is of degree i. With a slight abuse of notation, we denote by ǫ i the kernel of the augmentation R i → k. Clearly, ǫ i is the one-dimensional graded k-vector space concentrated in degree i. For a chain complex X of (left) A-modules, there is a natural isomorphism of chain complexes between Σ i X and the tensor product ǫ i ⊗ X . In what follows, we will not distinguish between them.
Let α : X → Y be a morphism (of degree zero) of chain complexes. Recall that the mapping cone of α is defined as the chain complex Cone(α) = ΣX ⊕ Y with differential
The following lemma can be used to construct dg R i -modules.
It is clear that this action is compatible with the differential
To see this, we take the map β in Lemma 3.1 to be the natural projection Bar
where k is viewed as the R m−p−1 -module concentrated in degree zero and thus k ⊗ 
Remark 3.2. Let f 1 and f 2 be two different cocycles representing
where α L is defined as in Section 2.2. Notice that the identity
op -modules, on the choice of the representatives of f . Similar arguments are used to prove that C(
sy (f )) and C(Ω R,r sy (f )) are independent of the choice of the representatives of f .
is an isomorphism in the homotopy category
Proof. Let us prove assertion (i). Consider the morphism of chain complexes
Id 0
where h(f ) is the chain homotopy defined in (1). Note that
op -modules and is compatible with the action of ǫ m−p−1 . In fact, it is an isomorphism with inverse
)). This proves assertion (i). Let us prove assertion (ii
as dg R m−p−1 ⊗ A-modules. Indeed, we define a morphism of graded A-modules
since φ(f ) is compatible with the action of ǫ m−p−1 and we have
It is clear that φ(f ) is an isomorphism with inverse
This proves the claim. Similarly, we have an isomorphism of dg R m−p−1 ⊗ A-modules
where σ p f is the following composition of maps
Note that the following diagram commutes
It is clear that [Wan15a, Wan18] . The notations in the present paper are slightly different from those in [Wan18] since we are using the dg bimodules Ω
where f , f L and f R are defined as in Section 2.2, namely
Since the isomorphism α
We remark that when these formulas are applied to elements, additional signs will appear because of the Koszul sign rule. 
Proof. This follows from the following identities
Let us verify these two identities. For this, we have
This proves the lemma.
The Yoneda product 
We defined another cup product ∪ in [Wan18, Section 4]:
More precisely, f ∪ g is the composition of maps
, where we simply write A for ΣA. At the cohomology level, the cup product ∪ ′ is equal to ∪ (cf. [Wan18, Section 4] ). We note that ∪ is compatible with the map Ω r sy . Thus, it induces a well-defined cup product
It is clear that the two products ∪ ′ and ∪ at the complex level are not (graded-)commutative. But we have the following identity [Wan18, Proposition 4.4] ). This shows that ∪ ′ = ∪ is graded-commutative at the cohomology level.
In the following, we will use the identities in (2) to construct two dg
, which are independent (up to isomorphism) of the choice of representatives in the cohomology classes of f and g (cf. Lemma 3.8). We stress that these two dg modules play a crucial role in the proof of Proposition 5.9, a key step in proving our main Theorem 6.2.
Let f ∈ HH m−p (A, Ω p sy (A)) and g ∈ HH n−q (A, Ω q sy (A)), which are represented by the cocycles f ∈ C m−p (A, Ω p sy (A)) and g ∈ C n−q (A, Ω q sy (A)) respectively. Let us consider the following three chain complexes associated to f and g. For simplicity, we set r := m−p−1 and s := n − q − 1. The first complex is C(f, g) defined as
The identity Ω L,q
Bar * (A)
: :
The first identity in (2) ensures that
The second identity in (2) yields that
where h L,R p (g) is defined in Remark 2.4 and h(f ) is defined in (1). We have the following identity 
Note that the following identity holds
) is an isomorphism with inverse
Remark 3.7. It is clear that C(f, g) has a natural dg R ⊗ A ⊗ A op -module structure, where R := R m−p−1 ⊗R n−q−1 is the tensor product of the dg algebras R m−p−1 and R n−q−1 . Then, via the above isomorphisms in Lemma 3.6, the complexes C L (f, g) and C R (f, g) inherit the structure of a dg R ⊗ A ⊗ A op -module from C(f, g). Hence all the three dg R ⊗ A ⊗ A op -modules are isomorphic. The tensor product C(f ) ⊗ A C(g) is endowed with a natural dg R ⊗ A ⊗ A op -module structure.
Proof. Set r := m−p−1 and s := n−q −1. Let us write down the complex C(f )⊗ A C(g).
Recall that C(f ) is the following complex
where, for simplicity, we write B * = Bar * (A) and Ω p = Ω p sy (A). Note that there is a natural isomorphism of dg A ⊗ A op -modules
defined as the composition of maps
where (α
−1 is defined in Lemma 2.3 and the second isomorphism is given by
Similarly, we have an isomorphism of dg A ⊗ A op -modules
Recall that we also have an isomorphism µ p,q : Ω
Using the above isomorphisms, we get that C(f ) ⊗ A C(g) is isomorphic to the following complex (denoted by C 1 (f, g))
Here the isomorphism C(f ) ⊗ A C(g) Via this isomorphism, the complex C 1 (f, g) inherits the structure of a dg
where ∆ 0,0 is defined in Section 2.1. We claim that t(f, g) commutes with differentials. Indeed, it is sufficient to verify the following identity
The above identity holds since we have
. This proves the claim. Therefore, we get a morphism of dg R ⊗ A ⊗ A op -modules
It remains to show that Φ(f, g) is an isomorphism in K(R ⊗ A) and in K(R ⊗ A op ). For this, it follows from the proof of Lemma 3.3 that there is an isomorphism of dg R ⊗ A-modules
Here we leave it to the reader to check that the above map is indeed a morphism of dg R ⊗ A-modules. Similarly, we have an isomorphism of dg R ⊗ A-modules C(f ) ⊗ A C(g) ∼ = − → C(0) ⊗ A C(0). Moreover, the following diagram commutes in the category of dg R ⊗ A-modules
Thus, to prove that Φ(f, g) is an isomorphism in K(R ⊗ A), it is equivalent to prove that Φ(0, 0) is an isomorphism in K(R ⊗ A). For this, consider the distinguished triangle
Applying the tensor functor − ⊗ A C(0), we get the triangle
. Moreover, we have the following commutative diagram
Notice that the morphism ( ∆ 0 0 Id ) is an isomorphism in K(R ⊗ A), it follows that Φ(0, 0) is an isomorphism and thus Φ(f, g) is an isomorphism in K(R ⊗ A). Similarly, Φ(f, g) is an isomorphism in K(R ⊗ A op ). This proves the lemma.
R-relative derived tensor product
Let us start with the general setting. Let k be a field. Let R be a commutative dg k-algebra and E be a dg R-algebra. The R-relative (unbounded) derived category D R (E) is a k-linear category with objects being dg E-modules. The morphisms of D R (E) are obtained from morphisms of dg E-modules by the localization with respect to all R-relative quasi-isomorphisms, i.e. all morphisms s : L → M of dg E-modules whose restriction to R is a homotopy equivalence. For instance, the k-relative derived category D k (E) of the dg k-algebra E coincides with the usual derived category D(E). The R-relative derived category D R (R) is the homotopy category K(R) of R. We also consider the R-relative bounded derived category D b R (E), which is by definition the full subcategory of D R (E) consisting of those objects X such that there are only finitely many integers i such that H i (X) = 0. For more details on R-relative derived categories, we refer to [Kel98, Kel99] . Let A and B be two associative k-algebras. Let X be a dg R ⊗ A ⊗ B op -module. Then we have the R-relative derived tensor product induced by X, in the sense of [Del] ,
op -module p rel X is R-relatively quasi-isomorphic to X and R-relatively closed as a dg R ⊗ B op -module, i.e.
Lemma 4.2. Let X be a dg R-module and P be a (k-relatively) closed dg B op -module. Then X ⊗ P is R-relatively closed as a dg R ⊗ B op -module, namely, we have
For this, let us write Hom for the Homcomplexes. Equivalently, we need to show that the complex Hom R⊗B op (X ⊗ P, M) is acyclic when M is R-contractible. Since we have
to prove that Hom R⊗B op (X ⊗ P, M) is acyclic, it suffices to prove that Hom B op (P, M) is R-contractible. Clearly, this holds for P = B and is inherited by shifts and arbitrary coproducts (because products of R-contractible dg R-modules are still R-contractible). This is also inherited by extensions that split in the category of graded B op -modules. Therefore, it holds for any closed dg B op -modules. This proves the lemma.
Remark 4.3. We would like to thank the referee for providing a shorter proof of Lemma 4.2 and thank Keller for pointing out that this lemma holds for any closed dg B op -module P . 
By Lemma 4.2 both Bar 0,p−1 (A) and
Similarly, we can prove that it is also R m−p−1 -relatively closed in K(R m−p−1 ⊗ A op ). This prove the proposition. 
)). Then we have a morphism of dg
Indeed, as graded R m−p−1 ⊗ A ⊗ A op -modules, we have
Thus, as graded R m−p−1 ⊗ A ⊗ A op -modules, we have
where the second isomorphism comes from the following isomorphisms
where
The first isomorphism in (4) is due to the fact that k ⊗ R m−p−1 k ∼ = k. Let us prove the second isomorphism in (4). For this, we have a short (5), we obtain the following exact sequence
. This shows the second isomorphism in (4). Similarly, applying the functor (5), we may get the third isomorphism (resp. the forth isomorphism) in (4). Then, from the construction of the tensor product of dg modules, we see that the differential is exactly given by that of C 1 (f, g). This proves the claim.
We identity C(f ) ⊗ R m−p−1 ⊗A C(g) with C 1 (f, g) via the above isomorphism. Let us denote by C
where the coproduct ∆ 0,0 : B * → B * ⊗ A B * and the isomorphism µ p,q : Ω 
By Remark 2.4, we have that
µ p,p (f ⊗ A d p + d p ⊗ A g)∆ 0,0 = Ω L,p sy (f ) + Ω R,p sy (g) = Ω L,p sy (f ) + Ω L,p sy (g) = Ω p sy (f + g) in HH m−p (A, Ω 2p sy (A)). Thus C ′ 1 (f, g) is isomorphic to C(Ω p sy (f + g)) since C(Ω p sy (f + g)) does
not depend on the choice of the representatives (cf. Remark 3.2). This yields a morphism of dg
. From the proof of Lemma 3.3, it follows that we have the following commutative diagram
, it is equivalent to prove that Ψ(0, 0) is an isomorphism. Note that the latter follows from the following commutative diagram of distinguished triangles in
Similarly, we can prove that Ψ(f, g) is an isomorphism in K(R m−p−1 ⊗ A op ). This proves the proposition.
Singular infinitesimal deformation theory
In this section, we follow [Kel99] and develop the singular infinitesimal deformation theory of the identity bimodule. Let k be a field and R be an augmented commutative dg k-algebra. We denote by n the kernel of the augmentation R → k. We always suppose that dim k n < ∞.
Let A be a Noetherian k-algebra such that the enveloping algebra A⊗A op is Noetherian.
formed by all the complexes quasi-isomorphic to bounded complexes X of (not necessarily finitely generated) A-Abimodules such that each component X i of X is projective as a left A-module and as a right A-module.
be the R-relative right bounded derived category of dg R⊗A⊗A opmodules (cf. Section 4). We consider its full subcategory
op ) satisfying the following two conditions (i) X is R-relatively closed as a dg R ⊗ A-module and as a dg
) generated by all the objects P such that k ⊗ R P is quasi-isomorphic to bounded complexes of projective A ⊗ A op -modules. We define the R-relative monoidal singularity category of A as
In particular, the k-relative monoidal singularity category
, where
formed by all the objects X such that each component X i is projective as a left A-module and as a right A-module. Thus it is a full triangulated subcategory of the (partially) completed singularity category Sg(
It follows from Lemma 2.2 in loc. cit. that the singularity category D sg (A ⊗ A op ) (in the sense of Buchweitz and Orlov) is a full subcategory of Sg(A ⊗ A op ) and is also a full subcategory of D sg,k (A ⊗ A op ). As a consequence, we have 
is isomorphic as dg R ⊗ A-modules to a direct summand of a direct sum of dg modules M ⊗ A, where M is dg R-module. This induces a filtration of X ⊗ R⊗A Y in the category of dg R ⊗ A-modules
It follows that X ⊗ R⊗A Y is R-relatively closed as a dg R ⊗ A-module, since each quotient
is R-relatively closed as a dg R ⊗ A-module. The same argument shows that X ⊗ R⊗A Y is also R-relatively closed as a dg R ⊗ A op -module. This proves that X ⊗ R⊗A Y satisfies the condition (i). It remains to prove that X ⊗ R⊗A Y satisfies the condition (ii). This follows from the following isomorphisms
The proof of the claim is complete. Therefore,
is a monoidal category. The above isomorphisms (6) also implies that
. This proves the lemma.
Remark 5.2. Let f : R → S be a morphism of commutative dg k-algebras. Then we have a well-defined functor
5.1. Singular infinitesimal deformations. Let k be a field and A be a Noetherian k-algebra such that the enveloping algebra A ⊗ A op is Noetherian. Let R be an augmented commutative dg k-algebra such that dim k R < ∞. Let n be the kernel of the augmentation R → k with n 2 = 0.
. We also define F as the category whose objects are the singular infinitesimal deformations (L, u) of A and
. We denote by sgDefo(A, R → k) the set of isomorphism classes of objects of F and denote by sgDefo ′ (A, R → k) the set of isomorphism classes of
op -modules, which splits as a sequence of dg k-modules (since k is a field). Thus, it gives rise to a distinguished triangle
We claim that the morphism ǫ(L, u) only depends on the isomorphism class of (L, u) in the category
To simplify the notational burden, we denote by k ⊗v the morphism Id k ⊗v, etc. Then we have the following commutative diagram in
We will construct the map Ψ :
where the second isomorphism comes from the fact that k
where ρ is induced by the natural projection
. This proves the claim. Consider the canonical morphism of complexes of A-A-bimodules u 
For this, let us define a morphism ρ :
Let us explain the above morphisms: The morphism
The morphism φ is induced by the natural projection Bar ≥p (A) →
is an isomorphism with inverse
Let us prove that φ is an isomorphism in D sg,Rm (A⊗A op ). For this, it suffices to prove that Cone(φ) ∈ P(R m ⊗ A ⊗ A op ), namely both Cone(φ) and k ⊗ R Cone(φ) are quasi-isomorphic to bounded complexes of projective A ⊗ A op -modules. Since φ is surjective, there is a short exact sequence of dg
where B p,q−1 is the truncated complex
This induces a distinguished triangle in D(
It follows that Cone(φ) ∼ = ΣB p,q−1 in D(A ⊗ A op ) and thus Cone(φ) is quasi-isomorphic to a bounded complex of projective A ⊗ A op -modules. Since
. Applying the tensor functor k ⊗ Rm − to the above diagram (7), we have the following
A since u ′ is the following composition of maps
is independent of the choice of the representative of f . This proves the claim.
As a consequence, we get a map Ψ :
Proof. It is sufficient to prove that ΦΨ = Id. For this, let
This proves the proposition.
Note that the group Aut
Clearly, the forgetful map induces a bijection
Recall that sgDefo ′ (A, R m → k) is the set of isomorphism classes of weak singular deformations (cf. the second paragraph of Section 5.1). The map Ψ induces an injection 
where the second identity comes from the fact that the cup product is graded commutative. This shows that the action of Aut Dsg(A⊗A op ) (A) is trivial. Hence the map
Remark 5.6. By Proposition 5.4 and Lemma 5.5, we obtain a natural embedding Ψ ′ :
is a monoid isomorphism, where the monoid structure on Hom Dsg(A⊗A op ) (A, Σǫ m ⊗ A) is the additive structure; and the monoid structure on
Rm⊗A . Proof. Let f, g ∈ Hom Dsg(A⊗A op ) (A, Σǫ m ⊗ A), which are represented by two elements f 1 , g 1 ∈ HH m+1 (A, Ω p sy (A)) respectively. From Proposition 4.5, it follows that
3), we get that Ψ ′ is a monoid morphism. This proves the lemma.
5.2.
The generalized Lie algebra of a group-valued functor. Let k be a field. Let A be a Noetherian k-algebra such that the enveloping algebra A ⊗ A op is Noetherian. Denote by cdg k the category of finite-dimensional augmented commutative dg k-algebras and by grp the category of groups. We define the functor sgDPic A : cdg k → grp sending R ∈ cdg k to the R-relative singular derived Picard group
2). Then the generalized Lie algebra
Lie sgDPic * A associated to the group-valued functor sgDPic A is given by (m ∈ Z) Lie sgDPic
Remark 5.8. Recall from Remark 5.6 that we denote
By Proposition 5.4, we have
It follows from Lemma 5.7 that Ψ ′ is a monoid isomorphism. Hence G A (ǫ m ) has a kvector space structure inherited from that of Hom Dsg(A⊗A op ) (A, Σǫ m ⊗ A). We will define a Lie bracket on G A := m∈Z G A (ǫ m ) as follows. Let L 1 and L 2 represent elements of G A (ǫ m ) and G A (ǫ n ), respectively. Let U i be the image of L i in D sg,R (A ⊗ A op ) where R = R m ⊗ R n (i = 1, 2). Note that U i are invertible objects of the monoidal category D sg,R (A ⊗ A op ) (cf. Lemma 5.7), namely U i ∈ sgDPic A (R). Let V be the commutator of
, where we write
Here [f, g] is the Lie bracket in HH * sg (A, A) (cf. Section 3.2).
Proof. Note that Ψ ′ (f ) = C(f ). Then from Lemma 5.7, it follows that to verify the
By Lemma 3.8, the left hand side of (9) is isomorphic to C R (f, g). The right hand side is
where the first isomorphism follows from Lemma 3.8 and the second one is because of the fact that ((
which is illustrated as follows
where, for simplicity, we write Bar * (A) as B * . As graded modules, we have
where in the first identity we use the following two isomorphisms
for any dg R m+n ⊗ A-module M. The proofs of the above two isomorphisms are similar to the ones of the isomorphisms in (4). From the construction of the tensor product of dg modules, we obtain the differential illustrated as follows (A), the above dg R m ⊗ R n ⊗ A ⊗ A opmodule is R m ⊗ R n -relatively quasi-isomorphic to the following one (denoted by C 2 (f, g) We claim that C 2 (f, g) is isomorphic to the following dg R m ⊗ R n ⊗ A ⊗ A op -module (denoted by C (1) M is finitely generated projective as a left A-module and as a right B-module, (2) N is finitely generated projective as a left B-module and as a right A-module, Let us now prove the main result of this paper. Proof. This comes from Theorem 6.2 and the fact that two derived equivalent algebras induce a singular equivalence of Morita type with some level l ∈ Z ≥0 (cf. [Wan15b] ).
